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A b s t r a c t

h’or  s])acr ]nissions  SUC1) as NASA’s MagcllaI1 ]nissioll to VmIus  and the Cassini  ]nission  to Sat~lr]l,
(11(’ (ol]ll)lllllicatic)l)  chanttel to ltart}l  Ilas a lil]litc’d  clla])Ilc]  capacity.  ‘J’l]is  lilllitatic)]l  requires  that
tllc output  of  tllc radar bc cnco(ld. l)lock-adaptilc  quaIltizatioIl  caIl acllicvc  tlIc rcquird  d a t a
rat)c rccluctio]l,  1 lowcvcr, coding l,hc 8-bit radar saI]ll)lcs witlli]l  a give]) block using  2 bits aflccts
tlIc accuracy  all(l tlIc  gain of the rccollstructcd  sig]lal. 111 this ])a]x:r, wc c.ol]sidcr  three diflcrcmt

optill]izatioll  criteria, all(l w co]nparc  the perforlna])cc  of tllc  rmulti I)g codes.
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1 Introduction

‘~’lIc h4agcllaI]  s])accmaft used a Synthetic Aperture l{adar (SAI{)  to probe aIlcl image IIIUCh of t}lc
surface of \~cIIus, 011 sucmsivc  orbits, reflected ccl Iocs frol]l the SA ]/ signal  wcm  collcc.tcd  around
]Jcrial)sis, aIId tlIc  raw data was rctralls]]]ittcd  to earth duri]lg  tllc  rmnai]ldcr  of the orbit.

‘1’IIc a]nou]]t  of &bit raw data collcctcd to ])roducc  SAI{ il]lagcry  was cIIorInous.  Givcul  the 806
KIIx co]~straillt  on the data rate, allcl  tllc ]~o]]~i]~al tra]ls]nit  ti]ne of 37.2 ]ni]n]tcs,  data coIII])rcssiolI
was required to meet the sc.icnc.c  objectives. ‘I1}IC data co]nprcssioI]  was acco]nplisllcd  by rcduciIlg
car])  raw l/Q sam])]c  to 2 bits, olIe for sig]] and t}]c ot}lcr for ]nag]lit,  udc. ‘1’llc value of tllc  I]]agIlitudc
bit was detmni]lcd  by tlIc  estimatec] power for a Llock of sa]np]es,  and the corrcspol]c]illg  value

tra]ls]nittcd  to earth along with the colnprcsscd  data san]])lcs. Groupi]]g  adjacc]~t  SAI{ saInplm
i]]to 1)1ocIw  is justified by the fact that  tl]c SAli’s signal  s tat is t ics  arc Gaussial], the variatio]l
ill tlIc  power of the: rcturrl  CCIIO (i.e. the variance  of the signal)  bei]lg a slow function of raI]gc,
a]ld tllc fact that the echo power profi]c  is very ]Icarly  periodic with respect to traIlsIrlittc(l-]Jlllsc
]lu]]ll~cr. ‘1’hc m]coding  thresholds and decoding values for every given }~lock of clata saIIlplm  WCIC
dctcmniIlcd  to satisfy certain opti~nizatio  Il criteria whose aiIIl ~vas to keep the qualltizatioll  noise
low witl]out,  iI]troducillg  any gain  to tile sig]lal.

l“or the Cassirli  mission to Satur]]  arid ‘1’ital] to Imgi]l  i]] 1997, lil]litccl  resources oIIce agair]
constrain  tfllc Illaximuln  data rates. ‘1’0 ac.col]lplish  the sc.imlce rcquirmllc]its  al~d satisfy tllc resource
co]lstraillts,  a block-  adapt,  ivc qua]ltizatio]]  algorit}l Il] si)ni]ar  to tl]e OIIC used for h~agcllall  will bc
i]nplc]]nltled.  llowcvcr , a C1OSC exam of the. Magclla])  algorithln  sl]owcd t}lat its pcrforI]la]lcc  could
bc i]]l])rovcd,  ill a way that would not have  sig]lificant]y  afr~ctcd  tllc  overall ]vmfor]nallcc  of tllc
hlagellall  sigl]al processing algorithm hut, t}lat will Ix: crucial for Cassilli.

II] this ])apcr, wc clcscribc  the opti]nizatio]]  criteria olIc is I]atural]y lcd to consider, alId wc
co]]lpare tllc ]mfor]nancc of the resulting qualltizatioIl  algoritlllns.

2 Mathematical Approach

‘lllIC i!l})ut  to our A/n cmlvcrter  consists of alnplificc] radar CC11OCS  plus rcceivcr a]ld thcr]])al  I]oise.
Sy]]~lmlically,  the it]’ radar sarnp]c S;,,(i)

,$’~,, (i) = s~{(i)  +

withi]] a block  of Al sa]np]cs  call bc rcprcsclltcc]  as a SUII-I

~

(1)
k= 1

wllcrc s}{ rcq~rcscllts rcccivcr  n o i s e ,  s~, rc]jrcsmlts  thcr]I]al  ]Ioisc, a]]d each  s~(i)  rcprcsc]lts  t h e
])iICkSCattCJd  SigIld  rCCCiVCd duri]]g  t]IC tiInc iJltCJW]  COI1’(’SpOIICliJlg  tO t}lc!  2th SZIJIIJ)]C,  frOIIl thc
kt]’ radar rmolutio]]  bill,  }tacll  of the su]n]~)a]lds ill the rigl]t-llalld-side of (1) has O-]l]call  Gaussial]

2



.

s t a t i s t i c s .  ‘1’llcrcfore  S1,l itself  is O-mcaIl  (~aussial).  Assul~liIlg  t}lat tlIC input  to t,hc A/l) coIlvcrtcr
is salll~)led using 8 bits, w’c would like to firld tlte  ‘(ol Jti Irlal” 2-bit  code  to rcqJrescIIt  these sam])]cs.
‘1’lIcrc  arc thtxw ciistillc.t  o~)timality  cri teria.

]Jirst,  tllc direct criterio]]  of hflax ([4]) and l,loycl ([3]) caIl bc cons ide red .  Accordill,g  to this
alJl)Jwacll,  WC Illllst llli~]illlizc  t}lc qual]tizatioI)  IIoiscl i.e. tlIc r.lll.  s. clifl”crmlce

J { (  ‘- - -  “----””~ S1,L - Sc,ut )2} (2)

I)etw’ecll  tlIc  il]l)ut,  tl-ljit saIIIl)lm S~Tl al~d tllc  4-level (2-bit rcpresmltatioll)  clcvmdcd  output sallll)]cs
SOU~. SiIlcc,  ill o u r  case,  iIl aclclitioll  t o  IIlirlilIlizillg tllc’(lLlaIltizatioIl  Iloisc, WC II(’CXI to Inakc  SUIII

tliat tJIc  gaiIl rcmaiuscxlual  tomic, after lnini]l]izillg  (2) we wou}d still IlccId  to calculate the gaiIl
~; = ~{S~,[t}/S{S~,}  tha t  wou ld  r e su l t ,  and divide tlleoutput  S~,,~ by {G. llct us call this tllc
IIlodificd  h4ax-l,loyd  a~)proach.

A  solncwvliat diffcmlt sccoI~d approac]l  c o n s i s t s  iIl inlposiIlg  the O-dll-gain  ‘rmluirclncllt  a
~)riori. I II this case, wc nccc] to find tllc cmlc that llliIliInizcs  t]lc quaIitizaticm  Iioisc (2), subject to
tlIe  condition

(3)

W C call t,})is  tllc coI1lcJIltioIlal-O-gaill  al)l)roacll.

‘1’lIe third al)l)roach  was originally pml)osed for tlie  SAR on NASA’s h4agcllaIl IllissioIl  ([2]). It
is IIlotivated  by tllo  obsmwatioll  that if a siIlglc givcll suIn IIlaI~d  s~(i)  ill equatiml  (1 ) is assulllcd  to
Iw [lttclllliI]istic  ratlier tllaIl  stochastic, say if sk(i) == p a collstal~t  (sIllall)  value,  for all i bctivm~  1
and f14, tl}ICII  onc  II]igllt not bc so lnucl  I iI1tcrested  ill mlforcillg  collditicni (3) as iIl lIlakiIlg  sure that
tllc collstaJ)t  value ii does  not get altcrec]  by tl)e quaIltizatioI1. SiIlcc, uIIcler sudl  all assu]nption,
tl~c ill])ut  signal  S~,, woulcl  t}IcHl  be GaussiaI} w i t h  lncaIl  /1, a real Ilulnbcr rclativc]y  close to zero
(colrll)arccl  to  t}lc varia~)ce of  Sir,),  tllc tl,ird a~)])~oiid~ would  s e e k  to lnilli]nizc  cxprcssiol]  ( 2 )
sul~kcct  to the condition  that the ‘tlincar  gain”

(

~f  {g~,--  j  (t{ S()[f}). . . ) >
k 2?L

C{s,,, }=cl

(4)

rc~)rcmIltillg  t}Ic rate of change of the IIlcaIl  of the output with reslmt to the Ineatl  of the input
WlICII tllcsc IneaIls  arc close to zero,  rcvnaill qua] t o  o n e . WC shall  call this the lil]car-O-gaill
a])})roacll.

IJct’ us lIOW
tlIc r.111.s.  value
decoded output

try to solve each of these  t}lrcc optimization) problems. ‘1’0 fix the Ilotation,  call o
o f  tlIc  input  sigma]  S~,l, write 7’ for tllc  mlcodillg  tllrcsllold,  aI]d yo aIld yI for t}Ic
ICvc]s.  ‘1’hus

{

‘--~] if Si,, ~ ‘-Y’
-- y(l if - 7’ < ,Yl,, < 0

u
go if O ~ S~,, < 7’

(5)

IJ) if 7’ ~ S1,,
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ITI t}lis IIot,aticnl, the Iloisc-to-sigIlal  ratio A)(Y’,  y“, yl ), givml by tllc  square of cxl)ressioIl  (2) divided
hy CJz, caI) be written as

‘1’= (:)’~,f(:;)  -, (:-)2(1 -c If(:j2)) - -  :1(, - -  ,-~2,(22)) -  ;jc-m’.)

((i)

l“or caclI of tlIc thmc approachm outlillml  a b o v e , t h e  problcIII  is to dctmniI~c  the ol)tiIIlal

I’alucs of ?’, yo aIld y], as fullctiol~s of 0. W e  slIow ill the ap})clldix tl]at the coIlveIlt,ioIla} O-gaiIl

al)l)roac]l  mquircs  us to

A l )  InilliInizc  N(7’,  yo, y]) as rcprcscIItml  by ((i),

A2) subject to
(v)’”’f(;~,)  i (:)2(1- lf(;;,)) ‘  1.

(JII tlIc  other  hand,  the liIlcar-O-gai]l  a~)proac}l  mquircs  us to

111 ) nlilli]nize  N(Y’, yo, yl) as re~)rcse]]ted  by (6),

{(112) subject  t o  ‘o ‘- 1  -  e- 7’2/(202)
8

~{
-t ~’~ _ ~:-7’’/02)2)  _.. ]

u71 u n-

Agaill, tllc dctai]s  are sup~)licd ill the appmldix. l’iIlally,  tlIc  lnociificxl  Max-],loycl  approac]]  requires

that wc

~1) l)lil]iII)izc AT(7’, yo, yl) as rcprcsmlted  by (6 ) ,

C3) thcII  usc y~//2 aIld y~/{~ a s  our decoding  levcIs.

As wc show in the al)pcn)dix,  it turIls out, that the o~)tiI1)al  value for tllc  cIlcodiIlg  tl)rcsllold
7’ is tile same iIl all thrm cases: it is givcl~ by 1’ = /20x, wl,cm 2 is that positive real nu,nbm

w}lich solves  tlIc  cquatioI]

(-: ‘“ “2 ] _c-3’
T -— --- – – .’c -----—

1 -  err(x) crf(x) + +(%;)’ ‘-  &(=&J2 ‘“” 0 ‘7 )

‘1’IIc solution  is x N 0.6941,  so  tha t  7’ V 0.9816m.
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A S to tll[: decoding levels,  wc show iIl tlIc al)pclldix  that tllc  optimal lCVCIS  IniIlilniziIlg  Al, i.e.
satisfyi I)g (~1 , are giveIl by

{-

2 1-- (:-”
Y; =- ~ - --- --0 CY 0.452~u (8)

Crf(.r)

/

i c- ‘“
Y; ‘“ CJ & 1 . 5 1 0 4 a

; i - ““[:If(T)
(9)

(2 (] -- p“y
Sil Ice tlIc  gain  i s  thcm givcll by G == -  - - - . - .  ,  _(?_-r2r.

)
& 0.8825,  t}lc ol)tirl}al  clc-

T C’rf(x) 1-- crf(T)
codi Ilg ICVCIS  for t,}lc modified hlax-l,loyd  a})l)roacll  (i.e. satisfyi  Ilg ~3) arc givcIl  by

* ] _ C-T’ ( (] _ p?)z

yl) = --- –- -. . . . . . . . . . —. -{ -..(:-:2.):..-  ‘] ’ 2

y~ ‘-  C,f(x) )
O  ? 0.482u

c’rf(x) 1-- Cl’f(T)
(lo)

_ 2.2

(

(] -- #y
!/1 ‘- -’~’’””” = ‘- -c”” ‘“-

h
- , (c’-J’):  “ ‘/2

1 -  elf(r)  “ - -  err(x) 1 -  m“f(r) )
o N 1 . 6 0 7 8 0 (11)

WC SIIOW ill t,hc a~)pcnc]ix  t}lat the decodirlg  lcvc]s givcm by forlnu]as  (1 O) aIld (11) arc also tllc
optil  Ilal ICVCIS  for tllc collvcvltional  O-gaitl approach. ‘llIIus these two approaches lead to t,llc salnc
mlcodillg  and decoding values. ‘1’lIc o~)tinlal dccodiIlg  ICVCIS for t}]c linear-O-gaiI1 a~)proacll,  }Iow-
CVCI, arc djfJcrcI]t, It, t,urIls  o u t  that 111 aIld 112 iII)ply t}lat,  iIl t h a t  case,  tile  o~JtiInal  levels  y! slid
y; arc givm]  by

* * _ ~-z”
~ \~- C-’”’y

Y;+’ ---”{ ( - -. , _-k-22_ ‘1

) u N 0.513U
Crf(r) 2

(12)
~lf( ~ j 1-- Crr(x)

Y;
,–.3.2 ti Q - -  (::’’2)2

.Y; ‘- ~ = ‘“ “2 ‘“”-
‘ i ( -1-- Crf(r) “  2

‘ - -  ‘ ,  i~:-::{,))-” ~ ~ 1.71150 (13)
Cl’f(l) .’

‘1’IIus  tlIc  coIlvcIltioIlal  O-gaiIl  approacli  iln~)lics lower  clccodi~lg ICVCIS (forInulas  (10) and (1 1 ))
t}lall tl~c liIlear-O-gain  gail] approac]l (forInulas  ( 1 2 )  al)d ( 1 3 ) ) .  III tllc  c a s e  o f  a  SAll signal,
it is clear froln  (1 ) that tile salnples  SiTL(i) to be coded  IIave O-~ncaIl GaussiaIl  s tat is t ics .  ‘]’hc
~wrforlIlaIlcc  o f  the codiIlg  algorit,t]tn  w i l l  tllmcforc  dcpcIId On tl)c variallc.e  o f  SiTL, I)Ot o]] the

varial]ce or t])c pos s ib ly  11011-O IncaI) of ally iIldividual  suInrnaIlcl sk, lJrccise]y  bmausc the coc]i Ilg
is a noI1-linear process. ‘1’}Ius,  iIl OUI case ,  tile  liIlear-O-gain  c.ritcrion  is  of  l i t t le  rclcvallcc:  tile
o~)tiIIlal  approacl)  is to usc  tlIc  coIlvclltioIlal  O-gai Il cm)straint, 111 the following scctioIl,  wc make
tllcsc collsidcratiol]s  lnorc; quantitatively plccisc.



3 Results

Wit} I L]ock-aclaptivc  quarltimrs, tllc  r.m. s. lwluc  of the iIlput  samp]cs is coInputed  assumil]g  all
saTII])lm wit]lill  a givml block  ]Iave idmltical  s t a t i s t i c s . 111 p r a c t i c e ,  OIIC caII expect cm]sistcllt
fluctuatiol]s  witliill  a block,  especial ly WIICII tllc block falls at tlw leading m trailil~g  eclgc of a
radar pulse window’. l’igurc 1 a shows tlic  Iloise-to-sigIlal  ratio A’ WIICII  the I.111.s.  levc] CTaC of the
actual il]})ut signal  i s  differcIlt  frolll tllc  dcsigI]  r.lll.  s, lCVC1 u , assullllIlg  that {lIc qllalltizatioll  is
~wrforIIIcd ac,cordillg  to tllc classical  h~ax-l,loyd  algorithIn  wit]] 110 gail~ acljustIIlcIlt.  F’igurc 1 b
slIows t])c gain  as a fullctiol)  o f  C7a C/o ill this case. Note that  tllc lowest  l}oisc ICVCI, -9.31 dlj,
is  acllicved  WIICII CTOC i s  exac t ly  cqua]  to the dcwigll  u, as cxlmcted. ‘1’l]c correspoIldiIlg  gain  i s
-0.53.5 d]]. ]Jigurc  2a shows a plot of tlIc  Iloisc-to-signs] ratio AT as a function  of UaC/a WIICII tllc
qllalltizatioIl  is o~)timizcd  according to our col]vmtio  Ilal O-gai Il c.ritcrioIl (or, cquivalmltly,  accordi Ilg
to tllc ~Ilodificd  Max-l,loyd  c r i t e r i o n ) ,  l’igurc 2b SIIOWS a p]oi  of the gaiIl  as a fuI~c.tioll  of onC/a
iIl tfl]at  case. As expected,  t]lc  gaiIl  WIICII CJOC = o is cxact]y  O d]],  ‘]’IIc corrcxpoIldi  Ilg I]oisc  ]cvc],
-9.173 d]], IIas slightly dcgraclcd. I’igurcs 3a aIld 3b S}IOW tlIc Iloisc-to-sigrlal rat io  arlcl  tllc gai]),

rcs}wctivc]y,  whc.n the qualitizatiol~  is opti]nizcd  ac.cordillg  to t}Ic lil)car-O-gai  Il critcrioI1.  Note that,
iIl that) case, WlICII  o~C is exactly cxlua]  to u, the gain  is 0.55 d]] aIld the c~lla Iltizatic)I1  -Iloisc-to-sigllal
ratio  is -8.76  d}].

I II  IJracticc, cfficimcy  dictates  that a discmtizatioll  of  the function  whicl) ~Jairs a ~)articular
coIIlputcd  il~put-lcvc]-r.in.s.-va]uc o = S{S~l } with the appropriate c])c.odirlg  threshold 7’ (and
lICIICC  to tl)c d e c o d i n g  lmwls yO aIld yl ) sl]ould  bc ~ ) r c - c o m p u t e d  aIld stored iIl tllc  spaccborIlc
illstrulllmlt.  111 fact, ratl)cr tl)au usiug  t h e  csti  Jnatcd root-lIlcarl-sclllalecl  value  o f  tllc  ill))ut,  OIIC

call usc tl~c IIIOrC readily colnputablc  cstinlatcd  Ineall-absolute value ~ = g{ ls’i)ll~.  h’or  a O-]ncan
(;aussiaJl ill])ut  signal  ,$~,L saIIlplcxl  usil]g 8 bits, OIIC ca)l easily  c.licck  that o- and  ‘~ arc re la ted  by
([2])

(14)

‘1’lIc lloisc-io-sigIlal  ratio curves  allow olIc to colll~)utc the best discretizatioIl  of tllc  <-1’ corrcs})olI-
dcIIcc.  l“igurc  4 shows tllc discrctizcd S- ?’ ~)airiIlg used  for the Magcllatl  rnissioI1’s  SA1l,  aIld figure
5 S] IOWS t]lc  ~)airing to bc  LISCC] for the Cassi  Ili IllissioI1’s  SAI{.  ]~or hlagcllal~,  q’ was rc])Icsc IItcd as

a 7-bit word. III the case of ~assiIli,  7’ is rc~)rmmltcd  as a (7-i Iltcgm-bits)-t  (l-fractiol  la]-bit)  word.
\Yllilc  tllc  different optilnizatioll  c.ritcria  for h!agcllal~ and ~assil~i produce tl]c  same thrcs})olds,
tlIc  IIoise-to-signs] curves arc slightly diflcrcIlt.  }ICIICC tllc rmultiI~g  <-7’ corrcs~)oIldeIlcc  is slightly
diflcmlt,  Il)ostly  at the u])pcr  cnld of t}]c input  dynaIIlic  raIlgc,  where the input  level is well iIlto
tile saturation) region.



4 Acknowledgements

‘1’llis  work  w a s  ]mforll]ed  at tlIc  Je t  l’ropulsioIl  l,ahoratory, ~~alifornia ITlstitute  of ‘J1CClInOlOgy,

uIIdor coI]tract  wit]) t}Ic N1atiollal  Acro])autics  and Sl)acc Acl II)i Ilist Iatio I1.

5 A p p e n d i x

If  ,$’i,,  is assulncc]  O-lncal]  Gaussian  wi th  variallcc Uz, the r.m.s. qualltizatiol}  Iloisc (’2) pmducm]
by tlIc  algoritl]]n  dcxcrihcd by cquatiol] (5) i s  givcIl  by

[/

-7’

(- ?/1 - S) ’p(s)cls’ +
1/2

/(’ (- y~ - S’)’p(,$)d,s  -{ J7 (y,, - S) ’p(s)ds  -1 J:(Y1 ‘ S) ’p(s)ds
- K’ .-1’ )

WIICIT  f(L5’) = - ‘__.. c- “5’$2/02 . WIICII  tllc  iIltcgrals  arc calculated, aIld the result squared and
427rcr’

divided by u 2 , oIlc obtains forInula  (6) for tl)c IIoisc-to-signs] ratio A’.

Accorclillg  to our coIlvcntioIlal  O-gain approach, wc then IIcwcl to Il~inimize Ar subject to t,lic
rcquirmnmlt  that the ~ail]  (3) bc equal to 1. ‘J’lIc gai Il is givcIl  by

{; =. _!. . (! –7’

!(- y,) ’p(s)ds’ +- :,(.. IJO)’p(s)ds -+ ~“(yo)’l)(,s)ds -} ~:(yl)’l,(s)ds
* 2 - cm )

._ g!)2c*.f(:2) + (;)2(1 --’f(:j)) .(15)

WIICIICC requirmnents  Al and A2. ‘1’0 solve tllc optiIIlization  problmn  in t h i s  case,  writ,c r for
‘1’/(0<2),  ,2o for yO/u,  ant]  21 for yl/o. WC Ir)ust tllell IniI)iII-lize

(16)

subject, to tllc coI1ditioI]
z:cI’f(T)  -1 2: (1 -  cl’f(2”))  = 1 (17)

lJsillg  tl]c  l,agrallge  ~nultiplim  A, the coI]ditioIl  that the partial wit}l  respect to ZO bc O givcx

1 - c-~’  1

“ --- ( )‘0 ‘-- ‘2 elf(r)  “-- I ‘
(18)

tllc coI1ditioIl that the ])artial with rcsl)cct to 21 })(* O gives

c- ‘2 1
~, =- -. ..—.

-“--( )
----

2(1 - cl’f(x)) A ‘

7

—

(19)



tlIe  collditioI]  that the partial with respect,  to T bc o gives

c -2.2 ] _ ~-rz

(-”---” ““)

~ _ ~.-rz 2

‘“ j :. ;~;,)
- ~ –-.._-. -- _\ _-[

elf(x) 2JT d(x)  -

aIId collditim]  (1 7) bcco Incs

- i--- ‘-” ‘-” ‘“---

1 (1 -- #)2”-

i
+ ..-(!:::2 )2

elf(T) 1 -  crf(z)

1( is IIOW easy to SOIVC (18), (19), (7) and (20) siInultaneously.

(7)

=. A (20)

In fact, cquatioI~  (7) is indcpcn~clellt
o f  tllc others  and  clircctly  gives T, lIcIIcc 7’. AIld when cxprcssioIl  (20) is used ‘f;r A in (18) arlcl

(19), Ollc filIds that,

C-J”‘-( “-”---”
(l_- C-’2)2——— ——. —..~1 “ , .-kc:.):. ‘“2

1- Crf(l) “ C1’f(  3“ ) 1 -  crf(x) )

(2])

(22)

(s~c quatio],s  (10) a*]d (11) i,] scctio]~ 2).

011 tllc otllcr IIalld,  according to t}lc liIlcar  O-gail] approach, wc need to lIliIliIllize  Ar subject.
1 -( J.5(S–j I)2/U2

>Wit]l p,,  (S) = -~;-2 f

91. ~~f, th is  ‘igain” is giveIl by

(24)

wl]micc ]t:(l[li](’]]l(:]]ts  1}1 aIld 112 (we are still  writing 0> for 7’/(0/2), zo for yo/c7,  and ZI for yl/CT).
‘1’0 so]vc tlIc  optiIniza,tioll  problan  iIl t}lis  case ,  wc lnust  II)iIlilnize

Z:crf(l!) -} 2: ( 1  -  err(z)) - 20
{“” {

:.(1  -  (:-”2) - -  z, :.c-~2 (25)

s~ll~ject  to tllc condition

~~{:(l--~-r’) i &-r2 ‘-  ‘o (26)

lJsi Ilg the l,agrallge  Inultiplicr  u, tllc  coIlditio]l  that tllc  partial with respect to Z. k O gives

]  _ .  ~:-T2

- - - - - -  (  -  v ) ,
‘0 “ -zrf(x)

(27)

8



c
_ ~.z

~ (--,/),2’ ““ 2( I -- ~rf(lj) (28)

( ( ,  _  p’y
, “-K:’2Y. 1-——.. — .——.- -j:;

Crf(l) )1-- (’I’f (*) “ ;;
(29)

It is IIOW easy to SOIVC (27), (28), (7) and (2!3)  si]ll~llt~~l}collsly.  Agaill,  cquatio]]  (7) is inclepclldellt
o f  t,llc others  and climctly  gives 2:, hence 7’. AIICI WIICI1 cxJJrcssion (29) is used  for v ill (27) al~d
(X3), OIIC fi]lcls tl)at

] -- ~,-x’ ~- (~ _  # ) 2

--- J ( )
(C-2”)2 -]

*; ~ –. _—— —— .— —...
C1’f(z’) “ i +  i ~ Xf(i-] (30)C’rf(x)

c - # : (1 - c-~’)z2; = .—. -—..
Vq ---------- , _ VZ2)2  - ]1 – d(;) “ 2 ---clf(l ) 1 - err(l)- -)

(31)

wlIc IIcc cquatiolls  (12) atld  (13) i~~ section 2.

l’i]lally,  if wc use tl)c  classic Max-l,loyd  al)})roacll, wc XICY2CI  to minimize A1, tllml ca]culatc  tllc
gain  and lmrlnalize,  by its s q u a r e - r o o t  (rcquirenlcllts  ~1, ~2 ancl ~3). Still usilig  2 for 7’/(0<2),
20 for yo/i7, and z] for y~ /u, the condit ion that  tllc  ])artial of N with respect to 20 be O gives

tile condition  that the partial of AT wit]] respect to z] be O gives

{ - ‘ ----

2 c . . ‘.’
z; = (33)

i 2(J - c!rf(z))

(see equations  (8) and (9) ill section 2), allcl  the condition that the partial of A{ with respect to T
be O gives OIICC again

,—1? ] __ ~-.’”
x ----- ---- --- x ——

1-- elf(r) crf(T) ‘“ ~W:’&;)2  -  2*”(i-:%))2  = 0 ‘7 )

9



.

‘J’lIr rcsultj]lg  gaiI] is given by

lIeIIcc  the dccdillg ICWIS iIl this case  are

1-. ~-~’ ( -“
(] - ~-~’)z )

~c-rz), -1/2

.?() :  - - - - - - - - - + ‘--”-’ ‘“ ‘“
CIf(x ) Cl’f(x) 1-- Crf(x)

f:
_3,2

(

( ]  -. p~)z

- - - - - - - - - - - -  + _.(:’ ‘2)2 -  1/2_— .—.. .—. .—.. .
~1 =

] -- CI’f(Z’) err(x) 1- cl-f(;) )

(34)

(35)

(36)

wlIc]Ice cquatjolls  (1 O) and (1 1 ) in scctioll  2.
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